BTO Control Math
1. Conventions
The signals from the quad cells are designated as q1, q2, q3, and are assumed to be already normalized and expressed as a unitless real number between -1.0 and +1.0.  These have x and y components.  Quad cell calibration is expressed as normalized signal change per mm, and is a function of spot size.  
The coordinate system follows the optical path (raytrace convention) and thus moves with the telescope.  The x axis is parallel to the dec axis at all locations, and the y axis is perpendicular to it and the local beam direction.  For example, at Q3, with the telescope at zenith, the x axis is east-west (horizontal) and the y axis is vertical.  At Q2, the x axis is east-west, the y axis is north-south.  As all of the BTO starting with M1 (M1b on Antonin’s chart) lies in a plane, the x direction will also be referred to as the out-of-plane direction.  
The sign convention for x is that positive is west everywhere.  The sign convention for y is that positive is up from M1 to M2; north from M2 to M3; up from M3 to M4; south from M4 to M5/FSM; down at Q3; down at Q2; down at Q1.
The BTO optics at M1 and before are fixed to the ground in the coude room.  So, for M1 only, define an x′, y′ which are rotated with respect to x, y by the hour angle of the telescope.  On the optical path from M1 to M2, a desired optical tilt in x, y coordinates is then rotated into x′, y′ coordinates before calculating mechanical tilts to be commanded to M1.
By applying this coordinate transformation to M1 commands, the control problem then neatly separates into non-interacting x and y parts.  These can be analyzed as two independent three-sensor, three-actuator systems. 
2. Command transformations

Commands to the actuators are expressed two ways.  The first is an actuator position in microns, with symbols M1, M2, M3.  The second is as an optical deviation in radians, with symbols m1, m2, m3.  For M2 and M3, the conversion between the two is:
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Here, D is the lever arm of the actuator, and θ is the angle of incidence.  It is assumed that the mirror tilt out of plane (x) is small, but that the mirror in-plane angle is arbitrary and has the value θ.
For M1, the hour angle rotation must be included:
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Here h is the hour angle of the telescope, in radians.  For M1, θ=(lat+90)/2, where lat=33.356 degrees, assuming that the path from M1a to M1b is vertical.

The lever arms D1 and D3 are 51100 microns, for both x and y; these mounts are Newport type 605-4.  The lever arm D2 is 107700 microns, for both x and y; this mount is a Newport U400-AC2X.
3. Interaction and Control Matrices
The interaction matrix is simple enough: M1 affects Q1, Q2 and Q3; M2 affects Q2 and Q3; and M3 affects Q3.  Calling rij the distance from Mi to Qj, and cj the quad cell calibrations, the interaction matrix for either x or y can be written out as follows:
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The inverse of this interaction matrix is
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As r11, r22 and r33 are always positive, the control matrix is non-singular iff the quad cell gains are all non-zero.  The control law can be expressed algebraically as follows:
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4. Sensor Gains
The cj are calculated using the assumptions that the laser beam is single-mode gaussian and has a waist at the LLT iris (basically, Q3) of 6.0 mm 1/e2 diameter.  The spot sizes at Q1 and Q2 are not very different from that at Q3; a small correction for standard Gaussian beam propagation is done for zenith only, and the variation in spot size with declination is neglected.  For Q1 and Q3 only, the y axis gain constant is lower because of the double reflection from their beamsplitters.   Q2 does not have this effect because it looks at leakage through the M2 mirror.  The details of this calculation are in the accompanying spread sheet “bto beam control v5.xls”   The resulting x and y gain constants are:
c1 = (0.490, 0.189) mm-1
c2 = (0.520, 0.520) mm-1
c3 = (0.533, 0.180) mm-1
5. Spacings
Call the radial spacing from the 200-inch optic axis to the M2-M3 optic axis D.  Viswa has a value of 3531.6 mm for D; independently and more roughly, I have measured 3455.0 mm. Viswa’s value will be used here.  Call the latitude of the 200-inch (+33.356 degrees) lat.  The calculations also assume that Q1 is at about the same location as M2, Q2 is at M3, Q3 is at M5/FSM.
With a combination of measurements and data from drawings, Viswa and I came up with the following spacings, at zenith.

M1-M2
12725 mm

M2-M3
13716 mm

M3-M4
3048 mm

M4-M5
1276 mm

This plus some geometry leads to the following values for the distances rij from mirror Mi to sensor Qj.  The units are mm.
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All of these distances except r33 change with declination.
The accompanying spreadsheet “bto control v5.xls” tabulates values of M1-M2 and M2-M3 distance, M2 angle of incidence, and M2 projected clear aperture for a range of zenith angles and declinations.
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